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Abstract 

We find explicit probe D3-brane solutions in the infrared of the Maldacena-Nuiiez 
(-H I background. The solutions describe deformed baryon vertices: q external quarks are 

separated in spacetime from the remaining N — q. As the separation is taken to 
infinity we recover known solutions describing infinite confining strings in A/" = 1 
gauge theory. We present results for the mass of finite confining strings as a function 
*" » ^ ■ of length. We also find probe D2-brane solutions in a confining type IIA geometry, 

' the reduction of a G2 holonomy M theory background. The relation between these 

deformed baryons and confining strings is not as straightforward. 
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1 Introduction 

The advent of the gravity/gauge theory correspondence [1, 2, 3] has opened a new window 
into strongly coupled field theories. Consequently, a lot of effort has been invested in 
finding supcrgravity duals of A/" = 1 theories in four dimensions. Two of the most studied 
backgrounds are [4, 5]. Such solutions allow the use of supergravity analysis to study 
strong coupling properties of the dual QCD-like field theories. 

Within the dual backgrounds, probe branc analysis has been used extensively to un- 
derstand the gravity counterparts of nonperturbative field theory objects such as baryons, 
mesons and confining strings. The initial studies considered brane probes in AdS^ x S^, the 
dual geometry to A/" = 4 Yang-Mills theory. Following [6, 7], D5- branc probes wrapping 
the were used to construct explicitly the baryon vertex [8, 9, 10]. The wrapped brane 
was identified as the baryon vertex because the background has N units of Ramond- 
Ramond (RR) five- form flux on the S^: through the Wess-Zumino term of the probe 
D5-brane action the flux acts as a source for N fundamental strings on the worldvolume. 
The strings then join the vertex to external quarks. The work of [8] was extended in [11] 
to find numerically solutions describing baryons in which a fraction of the A'^ quarks were 
pulled apart from the rest in spacetime. When the quarks are far apart, the branes were 
found to describe the confining strings of the gauge theory. The probe brane description 
of confining strings was further considered in [12], using rcsiflts from [13, 14, 15]. 

In this work we find explicit analytic solutions of the full second order Dirac-Born- 
Infeld (DEI) equations of motion. These will be nonsupersymmetric probe branes in the 
infrared of supcrgravity geometries which arc dual to M = 1 confining gauge theories. 
The solutions describe baryon vertices where q quarks are being pulled apart from the 
remaining N — q. In the limit of infinite separation, the solutions recover known infinite 
confining string solutions [12, 11]. The fact that our solutions arc very explicit will enable 
us to calculate analytically various properties of the deformed baryons. For instance, we 
calculate the mass of finite confining strings as a function of length. 

A schematic illustration of our solutions is given in Figure 1 in section 2.2 below. Figure 

2 shows a couple of solutions more explicitly. The solutions are one dimensional from a 
spacetime perspective. At each point the remaining probe brane directions partially wrap 
an internal sphere of the background. 

We focus on two background geometries in particular: the Maldacena-Nuiiez solution 
[5] of IIB supergravity and a IIA solution which results from dimensional reduction of M 
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theory on a manifold of G2 holonomy [16, 17, 18, 19]. These backgrounds both describe 
the near horizon geometry of wrapped brancs; some comparisons are made in [20]. 

The baryon vertex of j'V = 1 Yang-Mills theory in these backgrounds is given by 
a wrapped probe brane in an entirely analogous way to the AdS^, x case. In the 
Maldacena-Nunez solution the baryon vertex is a D3-brane wrapping a nontrivial of 
the background [21]. For the IIA background it has been proposed that the baryon vertex 
is a D2-brane wrapping an S"^ [22] . 

Amongst the deformed baryons we consider, in the Maldacena-Nufiez case it is easy to 
identify the finite length confining strings. In the IIA background, there does not seem to 
be a limit of the deformed baryons that is immediately connected with confining strings. 



2 IIB background: The Maldacena-Nunez solution 

2.1 The infrared background: M.'^ x S'^ 

The Maldacena-Nufiez background [5] is a solution of type IIB string theory describing the 
result of the geometric transition induced by D5-branes wrapping an S"^ in the resolved 
conifold. The background preserves 4 supercharges and is dual to A/" = 1 super Yang Mills 
theory, modulo issues of decoupling of Kaluza-Klein and little string theory modes. 

The far infrared of the field theory is described by the r — > region of the background. 
The background collapses at r = to A4'^ x with A'' units of RR flux through the sphere 

ds^jg = e*° [dxls + a'N (dip"^ + sin^ ilj[de'^ + sin^ 6 #^])] 

C^R = -a'A^ - ^ sin 2^-^ sin 6* ^6* A # , (1) 

where $0 is the value of the dilaton at the origin. The RR field strength is thus 

^3^^ = dC^^ = -2a'N sin^ V sin Odilj A d6l A # = - 2a' A^volgs . (2) 

The ranges of the angles are 0<'!/'<''",0<^<7r,0<^<27r. We are working in the 
string frame. 

The Dirac-Born-Infeld action for a probe D3-brane with these background fluxes is 



'DBI 



J d^^C = -Ts j d^C e-*V-det(*G + ^)+ Ts j A* C^"" , (3) 



where as usual Tp = l/[{2Tr)Pa'^P+^^/^] and here = 2Tra'F. We use *G and *C^^ to 
denote the pullback onto the worldvolume of the metric and the RR potential. 

We will find solutions to the DBI equations of motion in the background at r = 0, 
given in (1). Setting r(^) = is a consistent truncation of the full equations of motion. 



2.2 Probe D3-brane solutions 

We are looking for solutions describing deformed baryons. To this end, we look for probe 

D3-branc solutions with the following ansatz. The ansatz can be thought of as describing 
fundamental strings extended in the x direction that the RR flux has blown up at each 
point, in an Emparan- Myers effect [23, 24], to a D3-brane 'wrapping' an S'^ in the of 
the background. See Figures 1 and 2 below. 

t = x = a"/^^i, V = ^^(a), = ^2, </' = 6, 

A = A;(aXorfa F = fc(a)d^oAdCi. (4) 
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Plugging this ansatz into the full DBI equations of motion, one finds that the equations 
are solved if the functions fc(^i) and V'(Ci) satisfy the following relations 



fc2 = {ij; — sin ip cos tpy 



-2*n 



N 



■ sin-* V' + CM fc 



27rA;o 

C2 



where we have introduced 



(5) 



(6) 



Note that the solution has two dimensionless constants C,ko- The range of ko when 
positive is restricted to [e*"/27r, oo). For negative fco the allowed range is more complicated 
and will be discussed below. One may take either the positive or negative square roots in 
(5) to obtain the same solutions. 

It is perhaps surprising that we can obtain such an explicit form for the solutions. 
The solutions are given precisely, up to an integral. We have found a two parameter 
family of solutions to the full nonlinear second order DBI equations of motion in the 
infrared background. We have not restricted to supcrsymmetric solutions. Indeed in the 
Appendix we show that none of our solutions are supersymmetric. The first equation in 
(5) has appeared before in similar configurations [25, 26] and is essentially Gauss's law 
for the electric field. 

The equations (5) have solutions where -0 goes from to tt. The spatial sections of 
these solutions are topologically S^, with the worldvolume in the nontrivial homology 

class of the backgroimd H^iAd"^ x S^). However, the solutions are not just sitting at a 
point in A^^ wrapping the S^, but have an extension along the x direction given by 



Aa; 



a 



n/2 



Ja dip 



(7) 



Two limits at fixed C illustrate the possible behaviours: 

1/2 



Aa; 
Aa; 



1 

fco 



2.8044 





1/2 


■ 97r ■ 


1/6 


4 




8C4 





as fco ~* oo , 



(2^fco-e*o)'/'^ 



+ ••• 



as fco ^ , (8) 

/TT 



where the numerical factor comes from an elliptic integral. Therefore the limits correspond 
to short and large extensions in spacetime. Note that in the large length limit only the 
ip = Q end goes to infinity, due to a pole in dS^i/dijj from (5) at tj) = 0. The ip — n end 
remains at a finite position. We can obtain a pole at ^ = tt rather than tp = hy noting 
that the transformation {tp ^ Tr — tp,ko ^ — C^/2 — fco} leaves the solutions (5) invariant. 
This symmetry will appear later as the symmetry q ^ N — q. We will see below that it 
is a different large length limit that is related to confining strings. 
The induced spatial metric of the D3-branes is given by 




n 2 



+ ^ ) de^ + sin^ V [d^l + sin^ ^^d^l) 



(9) 



As ^ 0, TT, the induced geometry has a conical singularity. Far from being a problem, 
this is exactly what one should expect. The spatial sections of the D3-branes are compact, 
yet the Wess-Zumino term in the DBI action is a source for the abelian gauge field on the 
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brane. The total charge on the compact sections must be zero, so there must be more 
sources. These will be fundamental strings attached at the conical points. 

We will now understand the conical singularities as being due to attached fundamental 
strings. The endpoints of fundamental strings are electric sources for the worldvolume 
gauge field on the D3-branes [27, 28]. The equations of motion in the presence of external 
sources at V = and tp = n become 



so that it contributes to the equations of motion as part of the -^j- term. The electric 



In this expression, we should integrate the Wess-Zumino term in the action by parts, 
so that it contributes to the equations o 
charges may be read off the solutions as 

Ql = / TwX'^^^rf^. (11) 

This is just Gauss's law on the brane worldvolume. Applying the formulae to our solutions 
QS = -H^, Q».=«+?^^ (12, 

The total charge due to sources at the conical points is N. One can check that this 
precisely cancels the contribution from the Wess-Zumino term. Let us write = N — q 
and Qq = q. In the full string theory g G Z, corresponding to q string endpoints. 

The interpretation of the solutions now becomes clear. The baryon vertex with A'^ 
external quarks is being pulled apart along the x axis with N — q quarks at one end and 
q at the other. The configuration is illustrated in Figure 1 below. 



Ax 




Figure 1: D3-brane pulled apart hy N — q and q fundamental strings. 



The next step is to understand the energetics of the deformation process. The energy 
density of the solution is given by 



9£ • „ dC : 
£= -^X^" + ^ ■ A- C, 
dXi" dA 



(13) 



where the X'^ denote the spatial coordinates of the background and ' denotes differentiation 
with respect to ^o- Considered as an object in four dimensional spacetime, the tension is 



N [C^ sin^ V - (C^V + 27rfco) (2C2 sin V cos V - - 27rfco)] 



a'i/227r2C2 



(14) 
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The mass of the solution is M = / d£^iT{^i). We can calculate the masses in the two 
limits considered previously in (8) 



M 
M 



2C2 



27rQ: 



j\q\Ax + - 



as 



as 



Aa; 
Ax - 



[A;o 



oo 



oo 



Zn 



(15) 



The short length limit takes us outside the regime of validity of the DBI effective action, 
because diF ~ a'^/^/Ax becomes large and a' corrections are important. Therefore the 
mass divergence for short extension should probably not be taken seriously, although it 
is consistent with a 1/Ax Coulomb potential. The large separation solution has energy 
linear in separation, as expected for a confining theory. The large length expression has a 
simple interpretation. It is the mass of q fimdamental strings in the background (1)! This 
result is as we should expect in this limit, where almost all the mass is coming from near 
the V' = endpoint. Most of the D3-brane has collapsed to form fundamental strings [23]. 

There is a different large separation limit that has a more interesting physical inter- 
pretation. An infinite length occurs whenever d^i/dip has a pole at some %pQ G [0,7r]. In 
the large length limit we have just considered, the pole is at the endpoint Vo = when 
fco = e*''/27r. From equation (5) one can see that there is another possibility. This is the 



interior point 
mass 



-27rA:o/C = nq/N when C sin^po 



In this case one finds the 



M ~ —5— sm Ax + • 



as 



Ax 



ko 



1-K 



■ sm 



(02 



(16) 



Note that in this limit fco is negative and hence q is positive. The expression (16) is 

immediately recognised as the sine formula for the mass of the confining strings of the 
theory [29, 30, 12]. The mass per unit length of the gth confining string in the infinite 
length limit becomes 

p^A^ . -nq 



(17) 



recovering the result obtained in [12]. Our solutions place the confining strings in a larger 
context. The confining strings arise as an infinite length limit of a two parameter family 
of explicit probe brane solutions describing deformed baryon vertices. 

The difference between the two different long length limits, (15) and (16), is illustrated 
in Figure 2. We sec how in the former case the brane collapses at one end, as we noted 
following the tension calculation (15). 



Figure 2: Probe D3-brane solutions with a large but finite extension in the x direction. 

The background has iV = 30 and $o = 1- The left hand configuration has g = — 10 whilst 
the right hand configuration has q = 10. One angular direction has been supressed. 
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The physical reason for the difference between the two cases is as follows. In the 
confining string case q < N is positive and hence the charges at each end, Qq and 
are both positive. The brane expands in a dielectric effect [23, 24] due to the RR flux 
on the of the background, with slightly more expansion at the end with more charge. 
However, in the collapsing case q is negative. Therefore the charge Qq is negative whilst 
(3° is positive. The result is that the brane expands near the end with positive charge 
but the negatively charged end collapses into fundamental strings. 

The allowed range of negative fcg with fixed is complicated and we see in the next 
section that it is more natural to parameterise in terms of C with q fixed. Suffice to note 
thatife*" < then one allowed range is /cq G {-C^/2-e^°/(2Tr),-C^ sm-\e^'>/C^)/i2TT)]. 
In this case -C2sin-^(e*VC^)/(27r) < -e^°/{2Tr) so the pole at ko = -e*V(27r) is not 
reached. 

2.3 Energetics of finite length confining strings 

We can use the explicit expressions for the mass (14) and length (7) to examine the 

energetics of the full space of probe D3- brane solutions. We would like to calculate the 
mass of the D3-brane with a fixed length in spacetime, Ax, and a fixed charge imbalance 
q. There is a unique solution associated with a pair {Ax,q), providing a more physical 
paramcterisation of the space of solutions than (C, ka). 

Figure 3 is a plot of mass against length for finite length confining strings at four 
values of q. 



160 




5 10 15 20 

Length 



Figure 3: Mass against length for confining strings with g = 4, 6, 8, 10. The background 
has TV = 30 and $o = 1- 

As the length goes to infinity, the tension becomes the known result for infinite con- 
fining strings (17). It is curious that the curves almost intersect at a single point, call it 
{Lo,Mo), although they do not seem to go through precisely the same point. It seems 
plausible that the intersection is exact to subleading order at large Ax. Mathematically, 
this fact requires that the subleading correction to (16) take the following form 

^((l) ~ sin -2- [Ax - Lo] + Mo + • • • , as Ax ^ oo . (18) 

This is an interesting result that completely determines the q dependence of the subleading 
term. It seems difficult to derive (18) directly from the integral for the mass. 

Note that in the other limit. Ax 0, there is no mass divergence in these cases. This 
limit is C — > oo at fixed positive q. 
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It is useful to write the expression for mass (14) in terms of q 

^=^;^5^/ ; (19) 



y/_e2*o /C4 + sin'' ^ + (sin cos tp - + nq/Ny 



It is simple to check that this integral is invariant under q ^ N — q, as we should expect. 
If q is positive, then the allowed range of is [e*°/ sin(7rQ'/A^), cxd). 

Figure 3 and equation (19) constitute concrete predictions for the mass of confining 
strings with finite length. The subleading, constant, contribution to the mass in (18) 

is presumably concentrated near the endpoints of the confining string. 



3 II A background: G2 manifolds 
3.1 The infrcired background: A4^ x S'^ 

The D7 family of G2 holonomy manifolds are classical solutions of M theory [16, 17, 18, 19] . 
Prom a IIA perspective, they describe the result of the geometric transition induced by D6- 
branes wrapping an in the deformed conifold. Like the Maldacena-Nunez background, 
the solution preserves 4 supercharges and is thought to be dual to A/" = 1 super Yang 
Mills theory, modulo issues of decoupling of Kaluza-Klein and gravitational modes [20]. 

In the infrared regime, r ^ 0, the background collapses to A4'^ x S"^ with N units of 
RR flux through the sphere^ 

qRR = a'^I^N\cosedcj). (21) 

The RR two-form flux is 

G|^« = dCf ^ = -a'^'^N\ sin edeAd(l) = -a'^^^ N^vols^ . (22) 

The ranges of the angles are < 9 < tt and < < 2tt. The general solution 
has another free parameter at r = which determines the squashing of an in the G2 
geometry. We have set this parameter to 1 for simplicity. Further, we have rescaled the 
Minkowski coordinates to emphasize the similarity with the infrared of the Maldacena- 
Nufiez solution (1). 

The action for a probe D2-brane with these fluxes is 



Sdbi = -T2 J d^^e-* V- det(*G + J") +T2 j T A* ^ . (23) 

As before, setting r(^) = is a consistent truncation of the full probe brane equations of 
motion. Therefore we may use the DBI action in the background at r = given in (21). 



3.2 Probe D2-brane solutions 

We will find probe D2-brane solutions similar to the D3-brane solutions of the previous 
section. The ansatz we take describes fundamental strings extended in the x direction 

^ There is a factor of 2 missing in the IIA expressions of [18]. The angle of the M theory circle should 
be rescaled to have range 2-w. 
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blown up to a D2-brane by the Emparan- Myers effect [23, 24]. At each value of x the 
D2-brane is 'wrapping' an in the 5^ of the background. 



t = a"/%, 



(24) 



One finds that the DBI equations of motion are solved if the functions fc(^i) and ^(^i) 
satisfy the following relations 



cos^6i 



= [D 



where we have introduced 



k = 



+ fc] [1 - fc2] =C^[D + k] sin^ e , 
327r2fco 



;{k-ko).. 



7V2e4*oC2 

and the three dimensionless constants C,D,ko are related by 

-^4g8<I>„^.4 



D 



^2g4<I.oC2 



2567r2A;g 



(25) 



(26) 



(27) 



The solution therefore has two arbitrary constants. The range of D is restricted to [1, oo). 

We have found a two parameter family of solutions to the full second order equations 
of motion. It seems very likely that these solutions are not supersymmetric, as we showed 
for the IIB solutions in the Appendix. However, we have not explicitly checked non- 
supersymmetry in the present IIA case. 

From the equations (25), we see that there will be solutions where 6 runs from to tt. 
This corresponds to k running between —1 and 1. The spatial sections of these solutions 
are topologically 5*^, with the worldvolume in the nontrivial homology class of the 
background H-2{M x S'^). 

The length of the solutions in the x direction is given by an elliptic integral 



a'"" f' 



dk 



V(l-fc2)(fc + D) ■ 



(28) 



It is clear that the length is inversely proportional to C. We may use asymptotic properties 
of elliptic integrals to calculate the length as D ^ 1 and as D ^ oo 



Ax 
Aa; 



2C 



ln(Ll - 1) 



1 



C £)V2 



+ 



as 



as 



D 



D 



oo . 



(29) 



corresponding to long and short extensions respectively. In the long solutions, only the 
k = —1 end goes to infinity, the k = 1 point remains at a finite position. 
The induced spatial metric of the solutions is given by 



rf,2 _^g2*o 
"*D2 — ^ ^ 



+ C^{D + ki^,)) 



dei + [1 - H^if] dC. 



(30) 



As k ^ ±1 one can see that the induced geometry has a conical singularity due to an 
angular deficit. As previously, we interpret the singularities as due to the presence of 
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fundamental string sources. In this case, the electric charges at the conical points are 



,0 ddiAo 

dC 



Applying this formula to our solutions, we find 

The total charge of the sources is A'^, which again precisely cancels the contribution of the 
Wess-Zumino term as required. It will be useful to write <5° = -^/2 + q and Qq = N/2 — q 
with N/2 ± q G Z. The total number of fundamental strings ending on the probe brane 
is again A'', so the solutions may be interpreted as deformed baryon vertices. 
The four dimensional tension of the solution is given by 



1 N^D iV^jfc"! 
C2 + ~ 



(33) 



Integrating the tension over the spatial worldvolumc gives the mass 

Considering the short and long limits, D ^ oo and D ^ 1 respectively, one obtains 
relations between the mass and the length. There are in fact two possible short limits 

^/l/2yY2g2<I.o^2 ^ 

M ~ — ■ .„ H , as Aa; ^ [ko ^ oo D ^ oo] , 

M ~ + . . . , as Aa; ^ [fco ^ ^ £> ^ oo] . (35) 

8a -"-'^ 

As in the previously discussed IIB solutions, both of the short limits take us outside the 
regime for validity of the DBI action. The long limit is also precisely as for the IIB 
solutions. One may obtain the following relation 



p2$o 

M 



2na' 



N 



Ax-{ , as Ax ^ 00 [-D ^ 1] , (36) 



which is exactly the mass of N/2 — q fundamental strings in the background (21). Again 
this is consistent with the fact that most of the mass comes from the ^ = region, where 
the D2-brane has collapsed to N/2 — q fundamental strings. 

Unlike in the Maldacena-Nunez case, the large length limit which collapses at one end 
(36) is the only possible large length limit. This follows from the fact that in (25) we 
see that d^i/dk can only have poles at the endpoints fc = ±1 and not in the interior. 
Therefore, there is no limit of the solution space analogous to that of the confining strings 
we found previously. 

4 Discussion and conclusions 

We have found explicit nonsTipcrsymmetric probe D-branc solutions in the infrared of two 
J\f — 1 confining geometries. There is a two parameter family of solutions which may be 
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labelled by an extension in spacetime, Aa;, and by a fraction of quarks, q/N, that is being 
pulled apart from the others in spacetime. 

The solutions describe deformed baryon vertices. In the IIB case we considered, the 
Maldacena-Nufiez background, there was a limit at large Aa; in which the solutions became 
the infinite confining strings of the dual theory. Away from the infinite length limit, the 
solutions give predictions for the mass of finite confining strings in the dual theory. 

We found a similar two parameter family of solutions in a IIA geometry, obtained 
by dimensional reduction of a G2 holonomy background of M theory. However, in the 
IIA solutions there is not a limit with the properties of infinite confining strings. The 
only largo length limits involve collapse into fundamental strings at one end of the baryon 
vertex. There does exist a proposal for identifying the confining strings as membranes in 
the G2 background [31]. Translating this idea into a formula for the string tensions with 
the required symmetry q ^ N — q remains an open problem. 

Various possibilities for future research suggest themselves. It seems likely that so- 
lutions similar to those we have described will exist in other backgrounds, including 
AdS^ X S^. In fact, presumably a systematic study of such DBI solutions in infrared 
geometries of the form x S^~p is possible, along the lines of [25]. The fact that the 
infrared geometry is independent of how the compact directions of the background D- 
brane are wrapped highlights the genericity of the solutions and of the dual field theory 
deformed baryons/confining strings. 

It would be interesting to see if other appearances of confining strings in dualities 
admit similar energetics at finite length. Important examples are the confining strings of 
MQCD [29, 30] and of the theory on nonextremal D4 branc;s at high temperature [11]. 

Ultimately, one would like to reproduce the properties of finite confining strings that 
we have described via a field theoretic calculation. Recent field theory work on confining 
strings in four dimensional SU{N) theories has been both numerical, see for example [32], 
and analytical [33]. 
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A Checking non-supersymmetry of IIB solutions 



A probe brane is supersymmetric if at least one of the Killing spinors of the background, 
e, satisfies 

r«e = e, (37) 

where [34] 



In type IIB supergravity we have 

= (_!)" [(a3r+'^a2®r(o)' 

with 



1 



(0) 



(p+l) 



f^il■■■^^^p+l)^ 



(38) 

(39) 
(40) 
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We are using the standard notation in which we write the IIB spinors as an SL{2,M.) 
doublet of real spinors. The lower case gamma matrices are the pull-back of the spacetime 
gamma matrices -jfj, = E^nFa. 

If we use the following vielbein for the metric at the origin (1) 

0,1,2,3), 







E^ 


= 0, 


E' 


= 0, 


E' 


= 0, 


E' 


= e^o/^dV, 


E^ 


= e*°/2sinV'd6', 


E^ 


= e*" sin Tp sin 0d(f) , 



(41) 



then the supersymmetry projector for the embedding (4) becomes 



r« = === [e*" {(72 ro[ri + SiVrrirsg) + fc(^3^2 ® r^^)] ■ m 

sjk^ - 6^*0 (1 + {dxi}Y) 

The Killing spinors of the Maldacena-Nuhez background are given in [35] . There are 
four real supercharges. However, the only property we shall need is that the spinors satisiy 

(o-i O 11) e = e . (43) 

If we use this property in (37) we find that a necessary condition for solutions is that 
(Fi + d\'i\)V'j) e = 0. However this condition then requires = ±1, which is not consis- 
tent with the form of the solutions (5). Therefore, none of the solutions are supersym- 
metric. 
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